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Flows of gas at velocities close to the isentropic and isothermal speeds of
sound in channels with slowly changing temperature and curved walls are
considered. The model takes into account the convection nonlinearity re-
sulting from the cumulative effect of perturbation propagation. It also
permits the analysis of the arbitrary effect of radiation on the motion of gas.*
The derived nonlinear system of equations defines the flow of gas in chan-
nels whose transverse optical thickness is of the order of unity, Similar
equations for quasi-isentropic flows appear in [1],

_1; Input equations, Let us consider the stationary equilibrium flow of an inviscid
non-heat-conducting radiative gas in a channel with plane or axial symmetry, The
channel walls are assumed to be nearly parallel planes or, in the case of axial symm-
try, to have a nearly cylindrical surface, In the plane case the channels are assumed
to be symmetric about the plane y = 0.

We assume that the input of radiation to the internal energy density and to the
pressure is small. The motion of such medium is defined by the equations

apu d-1
% T dl 5 ¥ipr =0 4.4)
du 1 oo o o 1 op
7tV 8y+p8x_' o TV T ey =

pT( ax—l—v )+d1vq-_0

where p is the pressure, p is the density, 7 is the temperature, s is the entropy of
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gas, q is the flux of radiant energy, and u and p are the gas velocity components
along the lengthwise and transverse coordinates r and y, respectively. In the plane
and axisymmetric cases d=1andqg = 2, respectively.
The radiant energy flux is defined by

[+

=\ qdv ¢= § QI,4dQ 1.2)
0 3
Qgrad 7, (r, Q) = x, (r) [B, (T) — I, (r, Q)] 1.3)
B — 2h‘V (ehv __1)_1

where v is the frequency of radiation, r is the radius vector of a point, € is a unit
vector in the direction of a light ray, %, is the volume absorption coefficient, and
B, is the Planck function,

The equations of state and the dependence of % on P and $

p=p(p, S)? T:T(pv S), Ky = Hy (pv 3)

close the system of Egs. (1. 1) - (1.4).
Equations (1. 1) with allowance for the equation of state (1.4) yield the corollaries [2]

(1.4)

o 17/ i)
(02— ut) gr —w (e + 5) + @2 — ) g + (1.5)
d—1 1 an .
—Lva} = — = (E)pdwq
du d—1 —
(ar? muz)——uv(ay s e ) -+ (ar? ——vs) ay —y—vm’“ =

i ¢0p oT
+ (57), (w5 o)
where a; and @r denote the isentropic and isothermal speeds of sound which satisfy
the relationships (2]

¢ "4 p%a 2T

2 . \4 —4 p%a T ¢

as naT2+ ptzT 6122, elzz—-— 1/-?—?-———08———-’ ‘Y: ?—?i
Vv \

= (0p [ 9p)s's ar = (3p / dp) 't
where ¢, and cy are the specific heats of gas at constant pressure and volume, res-
pectively.
Henceforth Eqs. (1. 5) will be used in system (1. 1) - (1. 4) instead of the first and
fourth of Eqs, (1. 1), The new system of equations is equivalent to the input one,.
2, Derivation of approximate equations. Let the profile f and temperature Ty
be specified by formulas

y=Ly + 8L f(x/Ly), Tw=To(1+ &,70 (z/Ly)

where L is a characteristic size of the perturbation of wall temperature or shape.Ly
is the channel width at inlet, 7",is the temperature of the oncoming streamand § and
€y are small parameters.
Let functions / and Tw’ be of order O(1) for finite values of the argument and
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let these satisfy at infinity the limiting relationships

f (=) =Ty (—o0) =0, df(co)/dz = dT'y, (c0)/dz =

We shall consider motions of a gas whose speeds @4 and 4T are close to each other
Unperturbed quantities will be denoted by subscripts zero and the perturbed ones by a
prime,

We represent the thermodynamic derivative e, as{2]

ry * ]
oy e B &l, €190~ 1

L]

€120 == &g

The velocity of the oncoming stream is assumed to be close to the isentropic and
isothermal speed of sound
Uy — a; = sazquso, Up ~— ar, = 82ueArT,
Let us assume that the state of gas in the flow regions differs slightly from that of
a uniform stream at temperature T, and velocity o at inlet, We set &w = gg&r
and write down the first terms of the expansion of unknown functions in asymptotic
series

W =

uo (1 +euw),v=38uv,p=p, (1 +

ep),p =po (1 +epry @1
T =T, + eerT’), q= 16e.e707 q (2.2}
I, = B,, + eerT JH,I,), q, = 4neerT Hyq,’
w, =

8B
-—:——-Slvdg——-ég-t-(B%—!—SaSTTQH‘,w\,'), Hv =
4

T 8T,

where O is the Stefan-Boltzmann constant and w, the spectral density of radiant

energy. Substituting expansions (2. 2) into the transfer equation (1.3), in the first
approximation we obtain

v g =, (I" — w)

§ Ry ,wv'dv/Sox“,H‘,dv, w, = —1-}“— S I,dQ

L]

=§°n\,,H dvh H, dv

It was shown in [1} that in the case ot a slightly inhomogeneous medium the

transfer equation can always be approximated by the equation for the effective den-
sity of radiant energy w’

Aw' = 3y,? (w — 1) (2.3)
We introduce the dimensionless coordinates x° = x/ L,

- and y° = 3.y,
and determine the typical optical thicknesses

T, = Jhs,L,, T, = S‘InxoLy

We substitute expansions (2, 1) into the second and third equations of motion (1. 1)
For the first terms of expansion we obtain



788 V. V. Aleksandrov and A. A, Frolova

p = —(pots®/ pou, p=p) (2.4)
Here and in what follows we omit the primes which denote deviations from equilibrium
and, also, the wave in the symbols of dimensionless coordinates, The first of formulas
( 2.4) is valid for 81, <€ 1, while the second holds for § / T, << ¢ and §2<e.
When 1, ~ 1 these inequalities reduce to & <& €. When the oncoming strzam
velocity deviates slightly from that of isothermal speed of sound, we have g << ¢.
The substitution of expansions (2. 1) and (2. 2) into Egs, (1. 8) yields

9,2 By 9 Ay d—1 (2-5)
B M {U [ i - s & ;
Mot By 5 + v (5’3; T v) = &’er b};‘;z::g‘ (T —w)
- 282m3 (Z& + B ) due T} dv [/ | S
To) 5 -+ 0Ty { == y) P 2 Potygg 0T
v Ow x(aif T o8 u B
where
B, — % Aa I T ¥
* & mg’ ° & g 7 2pgfugt (L] pol®
Nn = Poltg® b o= 3 IZNBoCVoTO
Bo 02104 k] R Txuog

From the equations of state and the first of formulas (2,4) with g er e we

have pt+u=20 (2.6)
We subject the small parameters to the following relationships:
o mePecy T
2etmy = 81, == e6,2 = — g ey iﬁ% = — 2y — Yo 0 2.7
Potty Pofi2n

The last two equalities imply that Br, — B, = 1. Taking into account relation-~
ships (2.7) and Eqgs. {2.4) and (2. 5) we obtain

du av 1
"‘(u+350)5+5b+(dmi)fz—:%(w_r) (2.8)
du v v orT
*{u+3fs)g+5;+{d—§)? = e (2.9)
Subtracting Eq. (2. 9) from (2. 8) we have
du 1 T) aT 2.10
2w =5 =5 (2.10)
Using dimensionless coordinates we rewrite Eq. (2. 3) in the form
i o g% 1 a
??mfg.+@‘;i+(d_i)??‘;i.:(wwf) (2.11)

Let us consider the boundary conditions for the obtained equations. It was shown
in [1] that the boundary conditions for Eq. (2. 11) are formulated as follows: on an
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ideally black wall at temperature T, w-+(2 / 3%,)0w / n = 7 while on an adia-
batic wall 0w/ dn = 0. In these formulas n is a normal to the wall surface.

Taking into consideration the shape of the wall we obtain the following conditions
for the first approximation: for the ideally black anc for the adiabatic wall we have,
respectively,

Yy =T, w+ Plxn)ow/ dy =T, (2.12)
y=1,0w/dy =0 (2.13)

The wall satisfies the condition of impermeability
y=1,.0=7(2) {2.14)
Here and in what follows the prime denotes a derivative with respect to the x-coor~
dinate,
Conditions

y=0 v=0, ow/dy=0 (2.15)

are satisfied at the axis or the plane of symmetry.
When & = -+ oo the radiation is in equilibrium with the gas and the flow is a
uniform stream

=—o0tu=9v=0 w=7T=10
2= +4+oc0:u=const, v=0, w=T=7T

(2.16)

w

In the first approximation the process is defined by the system of Eqs. ( 2. 8),(2.9)
and (2. 11) with boundary conditions (2. 12) or (2. 13) and (2. 14)-(2. 16). The unknown
functions v, T, and w depend on two arguments, while the lengthwise velocity « .
depends only on the x-coordinate,

Let us consider the inverse problem for the flow of gas in a channel with an ideally
black wall. For this we assume that functions ¥ (x) and 7 (z) are known. For the
determination of functions w, v, T, and T, we then have four equations: (2. 8),
(2.9), (2.11), and (2. 12) with boundary conditions (2. 14)-(2. 16}, The gas pressure

P is obtained from formula (2. 4) and its density £ from formula (2, 8),

Let us determine the dependence of transverse velocity v -on the lengthwise vel-
ocity & (x)and on the density of radiant energy w. We multiply (2.8) by b and
integrate Eqs. (2.8) and (2. 11) with respect to y . We then equate the right-hand
sides of obtained equalities taking into account condition (2, 15) at the axis of sym =
metry, and obtain

¥
_ ¥ .\ du 1 [dw 1 8 2.147

v Be) 2 [3y + v 2431 a7 Sndalw(xv n)d‘ﬂ]
x 0

It follows from the impermeability condition (2, 14) that

. u
@) =L+ B)Z+ (2.18)
1 [ow(z, 1) R
T[ TR = e S nw (2, ﬂ)dn]
x ¥ 0
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Parameter b defines the effect of radiation on the motion of gas. When § = o
there is no radiation, and from formulas (2. 17), (2. 18), and (2. 10) we have

v=(y/d)(u+ Bydu/dx, j = (v,/2d)(u + 2B)u, u=—7T (2.19)

In this case the gas temperature depends only on the x-coordinate, and the trans-
verse velocity v is a linear function of y. Formulas (2, 19) define the flow of gas
in a hydraualic approximation [3],

3. The case of considerable T,. Let usconsider the case when the optical thick-
ness T, > 1 The transfer equation (2. 11) is then of the form

P d—1 dw , 3
e o — vl €
Equation (3. 1) defines one-dimensional radiation in the transverse direction. Substi-
tution of the expression for temperature I in Eq. (3. 1) into (2. 10) yields
dw 7 a2 d—1 d dw w du 3.2
w = (am+ 5 %) (F+5) - & (>2)
This equation, which links the density of radiant energy w with the lengthwise velocity
u , was considered in the one-dimensional linear theory of nonstationary radiation
transfer in [4, 5] for ¢ — 4. The x-coordinate represents there time and the y coor-
dinate the optical thickness.
When T,>>1 formulas (2, 17) and (2. 18) are also simplified

v=(y/d)(u— uu' + (1/b)ow/ dy (3.3)
Ji@) = (v, / d)(u — uu’ + (1 / b)ow (z, v,) / oy (3.4
where U3 = — BSO and Ur =-— By, denote gas velocities at points where con-
ditions & (z) = a, (z)and u (x) = ar (x) , respectively, are satisfied. Note that
Ug — U =
We introduce notation
Qs (u, /) =f—1/2 (v, /) d) uu—2u) (3.5)

or (u, f) =7 — (v, /d) u (u— 2ur)

Using notation (3. 5) it becomes possible to express the impermeability condition (3. 4)
in the form

Yy =1, 0w/ 0y = be,
For the density of radiant energy y we have the nonhomogeneous equation (3, 2) with

boundarv conditions
y=1,; 0w/ oy =bpy; y =20 ow/dy =0, x=—o0: w=10 (3.6)

We solve here the inverse problem in which 1 and / are specified.functions of
argument z . The substitution W = w — (b/t,)(d + ¥*/ 2o’ — d/ 1,) @r
yields homogeneous boundary conditions and a nonhomogeneous equation for function}y’

Yy=1,0W /0y =0; y=0:W/dy =0, 2= — o0o: W=0 (3.7
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oW [ #  d—1 d\[W | W by s

T =+ 5% (F+5) - G
The first condition (3. 6) is obtained from the impermeability condition (3.4), not from
the energy balance (2. 12) at the wall,

Let us consider the plane case when d = {. We seek the solution of problem
(3.7), (3.8) in the form of Fourier series.
nn (3.9)

W= gWot Y Wal@)eos any, o=

n=1

The coefficients of W, (z) satisfy the differential equation
(1 + e W, + (1/0)a, W, + Yy (blty) enp,” =0, n=0,1,2.. (3.10)
Co = 2/371/2’ en = (—1)"4/ a;® n>t

where ¢, are the Fourier coefficients of function yz. Boundary conditions (3. 7) and
series (3. 9) are automatically satisfied. Equations (3., 10) have the following solutions:

Wo = —llsty(Ps'
26 ¢
W, (x) = (—1)““W S Ps (E) X

a2
GXP[—m(x—g)]dg, n>1
Reverting to function w we obtain (3.11)

we ) = (14+ 78 —5o)e +——q>r+ZW (2) cos ay

n=1
The energy balance (2, 12) and formulas (3. 3]El) yield the wall temperature
b , 1 - .
Ty(@ =20+ 0r—bnt { 0@ Q6. iz Dk
]

—00

(312)

bo =b(1 + 2/V3)r, + Yst,2)

S 1 nin?
0. % 0= 5 Y, g o |~ serp |

n=1
Let us estimate the series appearing in (3. 11) for the continuous function Ps s
with the use of the mean value theorem

n 2b "
W (z) = (—1)™* W‘Ps () X

x

exp [ b(1 Fa2) +a 2) (z— g)] dg = (— 1)"” i‘bz‘ Ty Py (.Z‘.,,)
— o0 L&, < 00
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then
IZW 008 oy | < Z{ W, (2) cos any | < Z;Wn(x); =
n=i ==y
% b, ;:1 1 %_““‘n«xxn "gr a 5;1*-* = 75 mb1y®

m= max | (z,)|
1<n

If the sums in (3. 11) and (3. 12) are small in comparison with the remaining terms,
then w and T, are related to the lengthwise velocity u and function f by formulas

wz oy =0@/7)(1+ 32— 128, + (1/7,)0r

Ty (x) = (5o / Ty)(Ps’ + 1/ Tg)q)!‘

The sum in (3. 11) is small when the velocity profile is smooth(small m )the rad-
iation effect is small(small & ) and the transverse optical thickness of the channel is
small (small Ty )

Let us calculate the gas temperature

- 3.13)
Tow—20 ot (o 5 )g (
YT T 9‘2'*%)€Ps+;y—q>r+2(i+an2)+

n=i

W (z) cos ay
and the magnitude of the temperature jump[ 7], at the wall
{T]w::Tm(x)“‘T('r’ Ty) =

j—y(w ‘33 ‘cy)cps’—{-?.brij 0y’ (8) Q1 (b, i = — B)dE

3 1 n2n?
Qb i 8) = Zm‘*"p[ W‘T—)gl

Solution of the inverse problem is completely determined by formulas(3. 11)
and (3. 13).

The inverse problern may be formulated by specifying functions u (z) and Ty ().
To determine f (x)it is necessary to solve the integro-differential equation (3. 12) and,
then, determine w and Ty by formulas (3. 11) and (3. 13).

1t is seen from (3. 12) that for considerable b the main contribution to Ty.is pro-
vided by the first and third terms, Since considerable values of b correspond to a
slight effect of radiation on the motion of gas, these terms are associated with isen-
tropic processes. When & is small the main contribution is provided by the term

¢r/ 1y, = — u(u —2ur) / 2d + f/ vy,, which defines isothermal processes.

Function T, (#) at u {(z) = 0.5 (1 + th z) and u, = 0.5is shown in Fig. 1 for
several values of b.  Solid lines relate to a straight wall f (z) = 0, and the dash
lines to a curved wall with f () = — exp (— 2%}.
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The distribution of temperature T’

in the channel for a given acceleration
mode is of interest, In that case it is
not possible to neglect the series, as was
done in the determination of T, and w .
Results of calculations are presented in
Figs. 2 and 3, where solid lines corre-
pond to function f = 0 and the dash
lines to f= — exp (— #?).

Figure 2 corresponds to the same

acceleration mode as Fig. 1, viz.
u(z)=05(1-+th 2) and u, = 0.5,
while Fig, 3 relates to velocity

u({z) =15 1+ tha) and us = 2.5

In the first case the gas velocity passes only through isentropic speed of sound s and
in the second case it passes through us and the isothermal speed of sound up . The
wall temperature Tw in Fig. 3 is considerably higher than in Fig. 2.
Relationship between the wall temperature Ty and velocity u (z) is shown in Fig,
4, where curves of function Tw are plotted for the following six different modes with
b=1and f=0 ,
1) Acceleration from isentropically supersonic to isentropically supersonic velocity

u=051-4 thz), uyy = —0.5,

and

up =— 1.5;

2) acceleration from isentropically subsonic but isothermally supersonic to isen-
tropically supersonic velocity , = 0.5 (4 + th ), ug = —0.5, and ¥r = — 0.5;
3) acceleration from isothermally supersonic but isentropically subsonic to isen-
tropically subsonic but isothermally supersonic velocity

u=02(1+thz), us=05and up = —0.5;
e r\
"s\¥ // \\
h 2 =
et =] 71;0'/ N
4//-‘7'____ ] 9 :\-_
Y“-N ey
- ! _’\‘ \#m 7 /’ 0’02?\\ -~
7 ',' ~15 5\ 2
F0.05\108-0.2\ —o4\ -06| —0.8]|-0.9 ' o o9 0.2\ a2
0025
T
7 - L i J/?\
' " \ z g
_1 L —y
Fig. 2 Fig. 3
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43 acceleration from isothermally subsonic to isentropically supersonic velocity
u=15(14 thz), u, = 2.5, and up = 1.5

5) acceleration from isothermally subsonic to isothermallv supersonic but isen-
tropically subsonic velocity , = 0.5 (1 -+ tb z), us = 1.5, and y, =0.5; and

6) acceleration from isothermally subsonic to isothermally subsonic velocity
u= 05{ 4+ thz), uy = 2.5, and up = 1.5;

= Hf
/2 ;
U= / /\\
S

"

%

vy

1

Fig. 4 Fig.5
In Fig. 5 is shown the acceleration of gas by radiation when the wall geometry
hinders the acceleration f = 0.5(1 4 thz) ., Curves 1 and 3 relate to velocity
u(r)=15(1 + tha), uy = 2.5, while curves 2 and 4 correspond to velocity
U (z) = (1 + th=), ug= 1.5. Curves 1 and 2 are for parameter b = 1, and curves
3 and 4 are for p = 0.1
Let us consider the gas flow in a channel with an adiabatic wall. In this case temp-
erature Ty, does not appear in the problem, It follows from condition (2. 13) and the
stipulation of impermeability that f and u are linked by the relationship
f= (v, /2d)u (u + 2B,) Equation (3, 2) with the homogeneous condition (3. 6)
has the solution w = —u. It follows from (3. 1) that T = -~ u, and from (3. 3) that
v=(y/d)(u— uu. The derived solution coincides with solution
(2. 9) for the flow of nonradiative gas, Hence in the first approximation an adiabatic
wall excludes the effect of radiation on the flow of gas.
If the profile f and velocity u are specified so that equality $s =/ — (v, / 2d)
(v — 2ug)u = 0, issatisfied, a solution coincident with the hydraulic
approximation is again obtained.

4. The case of T+ ~ 1. . Let us consider the inverse problem for the flow of
gas in a channel with an ideally black wall for T, ~ 1.  Using the procedure app-
lied in Sect, 3 we obtain the expression for T and the equation for ¥

e L v _ P d—1ow (4.1)

dw 1 82 ow w 02 d—1 @ dw w du
w-mwleti) -+ eletrs) =
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Integrating Eqs, (2.8), (2.9) and (2.11) from 0 to T, and using the impermea-
bility condition at ¥ = Ty, we obtain

dw/dy =¥ = by, — (1 /7)o" + 1)
The substitution w = (y*/ 2t W + w, yields an equation with homogeneous
boundary conditions

‘ 4.2)
B () - (e ) e

L S N VR Y T
s [P (v +1) [+ (w+d)-
0: Bwo _ dw, —
y= ay =0, Y =Ty _ay— 0
We seek the solution of Eq. (4. 2) of the form
wo = wy (2, y) + wu (7)
For w, (%) from (4.2) we obtain

’ 1 ’ wy \” ’ d ’ v (43)
Wy — s (W =) =—u 4+ — —_
=7 (o +3) + (¥ +3)
Substituting the expressions for ¢ and +y’ into(4.3) we obtain

wy = (d/ Ty)(b(Pa’ + @r)

Function Wi (%, ¥) satisfies the nonhomogeneous equation with homogeneous
boundary conditions

@5"%—%%('5;‘% L) = (g + 20 2) (B + &) @9

[v = (v+ )]'

y=0: 6w,/6y=0, y=1"1, 0w /9y =20

We set d = 1 and seek the solution of Eq. (4. 5) in the form of Fourier series

Wy (J-', y) = _;'wlo + Zwln (.‘l,') cOS Unl
For w;n we obtain the equation . n=1
w" + (1 Dwy” — 12 (D ahwy — (@21 Bwi, (4.6)
= (caTo2 / 21 )0 — (1 / T, W + ¢/ b)Y

(4.4)

from whichat n = 0  havew,, = —1/4v,)When n >> 1we use the Fourier trans-
formation for solving Eq. (4.6). We have

Ty S f®6@—bdk

wln(x)—("‘i)
e 1T om
f=10— /e +/DT, 6r® =3 \ Py

—00

Py (B) =8 + B/ b— 72 (1 + 0,8 — (2,70 / b)
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The properties of roots Y1, Yss Vs of the cubic equation Py (y) = 0.

1 1 1 1 d(i+a?

V1+Y2+?3M“T,W+W+I~“T,
a 2,2
V1iVe¥Vs = —3

imply that the real root V: is positive, while the complex-conjugate roots Yz and Vs
have negative real parts, Hence [6]

exp (1s8) exp (¥s8)

G “[(m—-v;}(?z'—?s) + (Y:s“"?x)(‘}’s—‘\’z)}' £>0
®= exp (v.5)

— L 0

(V1 ¥2) (¥1 — Vs) £<
Reverting to function ¥ we obtain
b v W\ o, %1 1 (4.7)
o= (%) (1+ 5 =)o+ - () >

(y2 - T—;‘Z—) (b’ + o1)" + i Wy (x) €OS AnYy

n=1

From (2. 14) and (2. 17) for the wall temperature [ T'],, we have

Tu =00/ +0m) — 5 (1+ ) G0/ + o) + (&8)
win | § F®0-c—0d+{1® 0 ¢—oa]
2\t OXP (Va45) exp (¥3,5)
-0 == L [ (Vin = Ven) (Pon — Vsn) * (Van — V1n) (Van — Van) ]

Q) = 2 1 exp (— P1,.8)

w3 — n? (Yln - YZn) (Van - Yln)

The integral term in (4, 8) can be estimated as was done in Sect. 3. We have

x o

W[ § 100-@-9d+ {100, 6~ o] < g wom

— x

M= max f@)

w00 < E < 00

The gas temperature 77 and the temperature jump[7'],, at the wall are obtained, as
in Sect, 3, from Eqs. (4.1), (4.7), and (4.8).

Let us consider the flow of gas in a channel with an adiabatic wall, The bound-
ary conditions for w are

y=1,0w/0y =¢9v=0, y=0:0w/0y=0
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Equation (4, 5) for w, (z, y) with homogeneous boundary conditions and zero right-
hand side yields a zero solution, Consequently

w=w@ =2 (65 +or),

d 1 d2 do,
T = T(z) =7r;(1——?jm><bd_x+ q’T)
de, \
dz +€PT)]

Unlike in Sect. 3 the radiation transfer affects the flow of gas in a channel with adia-
batic wall even in the first approximation when T, ~ 1. When 7 _ oo all form-
ulas in Sect, 4 coincide with corresponding formulas in Sect. 3.

Authors thank V,N, Koterov for discussing this paper.

d 1 d
U=yE [j—q>s+ bTyTx2 E(b
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The nonlinear evolution of small amplitude waves in a viscous heat-con~-
ducting gas at low and high Boltzmann radiation number is investigated on
the example of the piston problem,



